We present a geometric theory for spacetimes whose world lines associated with physical particles have an upper bound for the proper acceleration. After some fundamental remarks on the requirements that classical dynamics for point particles must hold good, the notion of generalized metric and a theory of maximal acceleration are introduced. A perturbative approach to metrics of maximal acceleration is discussed. Then several of their physical and kinematical properties are investigated. These include a discussion of the fundamental causal theory concepts and the introduction of the associated notions of Euclidean length and celerity function. Finally, we discuss the corresponding modification of the Einstein's mass-energy relation.
Introduction
The hypothesis of maximal acceleration was first discussed by E. Caianiello [6] in the contest of his quantum geometry theory [5] . As a consistence requirement for the positiveness in the mass spectra of quantum particles and the existence of a maximal speed, Caianiello's found a related positiveness condition for a metric of Sasaki type in the phase space description of the quantum theory. Such condition leaded to the existence of a maximal proper acceleration.
In classical electrodynamics, there are several scenarios were maximal accelerations appear. Directly related with the problem of radiation reaction, we can mention two examples. First, in the Abraham and Lorentz's models of the electron the acceleration is bounded by a threshold value, in order to preserve causality (see reference [26] for a modern introduction to those models). The second example is the extended model of the electron proposed by P. Caldirola [10] , where it appears a maximal acceleration as a consequence of the existence of a maximal speed of interaction and a minimal unit of time (chronon) [11] .
In classical models of gravity, the consequences of a maximal acceleration have been studied extensively. Let us mention for instance the investigation of maximal acceleration for Rindler spaces [7] , Schwarzschild [13] , Reissner-Nordstöm [2] , Kerr-Newman [3] and Friedman-Lemaître metrics [8] , among other investigations. H. Brandt discussed in [4] the idea of maximal proper acceleration as it appears in fundamental string theory and in relation with Sakharov's maximal temperature [24] . More recently, as a consequence of discreteness in the spectra of the spacetime coordinate operators, a maximal universal acceleration naturally appears in covariant loop quantum gravity models [23] .
The appearance of maximal acceleration in different theories motivates the search for classical, geometric frameworks for metrics of maximal acceleration. We propose in this work a new classical framework for geometries of maximal acceleration. This new framework is also motivated by the un-satisfactory status of current classical theories of maximal acceleration. In particular, Caianiello's theory is not consistent for several reasons [21, 25] . A covariant theory for metrics of maximal acceleration was developed in [15] . Although the theory was motivated by the non-covariance problem of Caianiello's quantum geometry, it is independent of the mechanism generating the maximal acceleration A max and could be applied in arbitrary classical models where a maximal acceleration appears. However, the theory developed in [15] introduced from the beginning the Lorentzian metric η on the spacetime manifold M , from where the metric of maximal acceleration was constructed. This is not an optimal solution, since proceeding in such a way there are defined two different geometric structures for the same physical spacetime, the metric of maximal acceleration and the Lorentzian metric η. Since these structures are not equivalent, a selection must be done to decide which is the geometric structure describing the physical spacetime.
In this paper we try to solve this situation. A new geometric structure which is compatible with the minimal requirements of a classical dynamics and that accommodates a consistent kinematical description of radiation-reaction phenomena is introduced as the fundamental geometric object associated with the proper time measured by co-moving observers to world lines of classical point particles. The new geometric structure is compatible with the requirement of maximal acceleration. This is a generalized higher order tensor 2 , with a metric structure that depends upon the second derivative of the curve along which a proper time is calculated. The main assumption of this work is that the physical proper time τ [x] experienced by an arbitrary, ideal clock co-moving with a physical point particle whose world line is x : I → M is the proper time associated with g. This is in contrast with the relativistic proper time, which is associated with a Lorenztian metric η. Structure of the paper. In this work we develop in detail the construction of a maximal acceleration metric from natural assumptions that any classical fundamental dynamics of point particles must satisfy. These fundamental considerations for classical systems are discussed in section 2. We critically review the standard foundations of the geometric structure of the spacetime based on a Lorentzian geometry and as an alternative to the clock hypothesis, the requirement that the geometric structure is of maximal acceleration is adopted. In section 3, the metric of maximal acceleration is constructed and developed using the general formalism of generalized higher order fields of [16] . This geometric structure is invariant under local Lorentz invariance and consistent with the requirement of maximal acceleration. We first construct the metric from a back-ground Lorentzian structure. After this, we reconsider the construction of the metric of maximal acceleration from first principles. In particular, the auxiliary Lorentzian metric η is obtained by averaging the metric of maximal acceleration. This makes the notion of maximal acceleration metric consistent. The theory that we present in this paper is an effective theory in terms of the proper acceleration and its derivatives quotient by the maximal acceleration. The perturbation theory up to second order is developed in section 4. Then the proper time parameter associated with the metric of maximal acceleration is constructed. In section 5, the rudiments of the causal theory for metrics of maximal acceleration are discussed. In section 6 we consider the definition of observable function for a metric of maximal acceleration and the corresponding notion of proper velocity. Since the notion of proper time for a metric of maximal acceleration is different than in the Lorentzian case, the corresponding celerity function and 4-velocity vectors are different. In section 7 a definition of energy-momentum four vector is defined for metrics of maximal acceleration. In particular, we consider the case when the average metric is the Minkowski metric. Then we show how the Einstein's energy-mass relation is modified by the existence of a maximal acceleration. We remark that in this work we do not consider a particular mechanism producing the maximal acceleration. Instead, we investigate a general geometric formalism consistent with an universal maximal acceleration A max in the domain where the proper acceleration is very small compared with the maximal acceleration.
General assumptions for a classical dynamics of point particles
The spacetime manifold will be a 4-dimensional smooth manifold M . Non-interacting fundamental physical systems will be described by parameterized, smooth curves x : I → M . Not every parameterized, smooth curve represents a physical point particle. Thus the special curves associated with physical particles will be called world lines. Taken as granted that such physical curves exit, we aim to characterize in a form as complete as possible from a minimal set of assumptions on their analytical and geometric properties.
The first of such assumptions there is one that concerns the notion of local time orientation. Thus, we assume that at least locally, all the world lines are oriented towards a future in the sense that for each pair of world lines x 1 : I 1 → M 1 and x 2 : I 2 → M 2 , there is a map ϕ 12 : x 1 (I 1 ) → x 2 (I 2 ) with positive Jacobian function. We can denote this orientation as Jacobian orientation.
Since we will use point particles as test particles for measuring the effects of physical fields, physical fields will be represented by forms or tensors along maps over world lines. An interaction between particles will correspond to an intersection of the corresponding world lines. Note that in the intersections of world lines there is not a well defined notion of tangency. Thus, although the physical point particles are described by world lines, more interesting systems are not and indeed the geometric description of a given physical system could contain singularities for the sub-manifolds and fields.
Systems composed by world lines that do not intersect have an intrinsic significance because of their geometric simplicity. Furthermore, they motivate the following definition, Definition 2.1 An inertial coordinate system (U, R 4 ) is a C k -smooth with k ≥ 2 coordinate chart on M such that the world line of any classical non-interacting point particle is described by a parameterized straight line
Given the spacetime manifold M it can happen that there is not such chart in the atlas structure of M . Therefore, for the corresponding physical system inertial coordinate systems could be not realized physically. However, Definition 2.1 is not empty of physical content and indeed it is very useful to restrict the structure of the spacetime. For instance, in the case of a Finslerian structure (M, L), the existence of inertial coordinate systems implies that it must be of Berwald type, since in a non-Berwald Finsler spacetime normal coordinates, which are naturally associated with inertial coordinate systems, are only C 1 -smooth. Definition 2.1 is also useful to constraint the second law of dynamics in terms of second order differential equations. There exists arbitrariness in the choice of the parameter of the world line for a given point particle. However, there are parameters more natural than others. This is related with the dynamical description of the physical particle, since the selection of the parameter can change qualitatively the mathematical properties of the equation describing the dynamics. If Definition 2.1 holds, it is natural to choose the following type of parameter, Definition 2.2 Given the world line x : I → M corresponding to a physical point particle, a physical proper time parameter τ associated with the world line is such that x(τ ) is a solution of a second order differential equation respect to τ .
Interactions.
The action of an external system on a physical point particle is such that each interaction is topologically separated from each other. Therefore, there is a natural notion for local action: only actions with the same coincident point contribute to the change from free motion in the particle in question at that point. However, we have indicated before that in the intersection of two world lines there is not defined tangent vector. Therefore, there is not defined a concept of change in speed of the particle due to the environment. There is not resolution of this problem in classical geometry. Therefore, we propose to adopt the point of view that our classical framework is an effective framework in the sense that there is a minimal inertial coordinates difference L min such that we do not have possibilities to know the exact details of the evolution inside a small neighborhood of size determined by the minimal inertial coordinates difference L min . In this way, the singularities in the smooth description of the structures are hidden.
In addition, we adopt the assumption that there is a limit on the propagation speed of any physical signal. This assumption is indeed, fully compatible with the Principle of Relativity and the principle of propagation of the speed of light in vacuum.
Definition 2.3 Principles of local interactions and maximal speed,
1. The action of an external system on a point particle is local and happening in a region of minimal difference in local inertial coordinates L min .
2. There exists a maximal speed for physical point particles and local interactions. This speed is the speed of light in vacuum c.
In special relativity, the existence of a maximal speed follows from the hypothesis of the theory, including the Principle of relativity, the principle of independence of the speed of light in vacuum and the assumption of the Euclidean rule for measuring distances at rest. In contrast, we require here to impose the existence of the limit speed, since we expect to go beyond special relativity and the Euclidean rule for measuring distances. The clock hypothesis. In passing from the study of motion of point particles from inertial frame to arbitrary frames, it is necessary to assume some hypothesis on the characteristic of ideal co-moving clocks and rods. In this context, the clock hypothesis can be formulated as follows (see for instance [22] , p. 65).
To each physical world line x : I → M , there are associated ideal co-moving clocks that are completely unaffected by acceleration; that is, clocks whose instantaneous rate depends only on its instantaneous speed in accordance with the time dilatation formula of special relativity. Thus, one can adopt such clocks as the co-moving proper clocks.
Einstein's formulation of the clock hypothesis was done implicitly in [12] , p. 64 footnote, These considerations assume that the behaviour of rods and clocks depends only upon velocities, and not upon accelerations, or, at least, that the influence of acceleration does not counteract that of velocity.
The clock hypothesis allows to abstract to zero the effects of acceleration on rods and clocks at each point of a given world line x : I → M and reduce the ideal co-moving clock and ideal co-moving rod to smooth families of special relativistic clocks and rods along the world line respectively. From this fact it follows that the geometric structure of a theory where the clock hypothesis must be based on a Lorentzian. There are two main ideas in the clock hypothesis. The first is the assumption of the existence of ideal clocks with the properties described, in particular that instantaneous comoving clocks and rods are special relativistic and do not depend upon acceleration. Several authors have pointed out that such assumption is un-physical in relevant physical scenarios [19, 20] . In particular, the clock hypothesis (or the weaker Hypothesis of locality in relativistic physics) is applicable when the influence of inertial effects can be neglected over the length and time scales characteristic of the local frame observers. This is of special significance for electrodynamics, where for a point charged particle, the intrinsic scale of time where radiation reaction processes are relevant happen when the changes in the motion produced by an exterior field are appreciably large compared with the characteristic length time of order T = 2 3 q 2 mc 3 . This characteristic time scale corresponds to the time that a light ray will expend crossing the classical radius of the electron. Significatively, the classical radius of the electron is not directly linked with the real size of the point electron (that by definition is zero), but with the time scale where the minimal observable changes are small enough that radiation-reaction effects become relevant [18] . The second fundamental idea contained in the clock hypothesis is resumed in the sentence "Thus, one can adopt such clocks as the comoving proper clocks". That is, even for the physical situations where the clock hypothesis is a reasonable assumption, the adoption of such clocks is justified by the convenience of the choice and not by a logical consistence requirement. This directly suggests that the clock hypothesis could be substituted by a more general condition. Synchronization of arbitrarily moving clocks. In the general theory of relativity the possibility of synchronization of arbitrary moving clocks is guaranteed by two postulates,
• The principle of relativity,
• The speed of light in vacuum is independent of the source, A synchronization procedure consistent with these two postulates is the Poincaré-Einstein's synchronization. The standard procedure is to adopt, in addition to these two postulates, the the clock hypothesis. In this case the proper time parameter t along the physical world line x : I → M in general relativity corresponds to the proper time of to be a Lorentzian manifold (M, η). Then the element of proper time along a particular world line is independent of the acceleration of the world line. However, the Poincaré-Einstein's synchronization procedure itself is only based on the principle of relativity and the principle of the constancy of the speed of light in vacuum. This fact suggests again the existence of possible alternatives to the clock hypothesis compatible with the Poincaré-Einstein's synchronization criteria when it is applied to co-moving clocks.
Furthermore, it is necessary to have a convention of when an event A happens after or at the same time than and an event B. The principle is independent of the observer. Since the principle of relativity and the principle of constancy of the speed of light in vacuum are assumed to be valid, an universal convention based on the Poincaré-Einstein synchronization can be maintained. Therefore, we say that τ A > τ B for the proper time parameter τ associated with a world line x : I → M of a physical particle iff the symmetrized departure-arrival time of the light emitted by the observer x : I → M , reaching the event A and returning to another point of the world line x : I → M is bigger than the corresponding symmetrized departure-arrival time for B; the two events {A, B} happen at the same time for the observer associated with the world line x : I → M if the corresponding light symmetrized departure-arrival time coincide. If τ A ≥ τ B for an observer associated with the physical particle with world line x : I → M , then it is true for any other sufficiently close observer associated with any other physical point particle. To show this, observe that for any two close enough physical world lines x 1 : I 1 → M , x 2 : I 2 → M , the Jacobian of the local transformation Jac(
) is positive definite (by the assumption of Jacobian orientation). Therefore,
obtained by a integral formula along the respective parameterized world lines. From this discussion we see that the Poincaré-Einstein's synchronization and the related notion of causal connection between events are independent of the clock hypothesis. Heuristic argument in favour of maximal proper acceleration. We have already discussed some of the limitations of the clock hypothesis, in particular when back-reaction effects are important for the evolution of the point particle. If we do not make use of the clock hypothesis, an additional constraint is required to determine the rate of change of arbitrarily moving clocks and the rules for moving rods. We choose to impose compatibility with the principle of local dynamical interactions and maximal speed. In a similar way as the clock hypothesis constrained the geometric structure to be Lorentzian, we will see that the hypotheses of local interactions and maximal speed to constraint the geometric structure of the spacetime to be a spacetime of maximal acceleration.
Indeed, the requirements of locality in the interaction of point particles and the existence of a maximal speed imply the existence of a maximal proper acceleration, as the following heuristic argument shows. In the coordinate system at rest with an infinitesimal vicinity associated with the exterior system acting on the particle, the mechanical work on the particle is bounded by an expression of the form
where v 2 measures the increase in speed of the particle respect to its vicinity. Respect to the frame at rest with the vicinity, the work transmitted is is constrained by an expression of the form
where a is the value of the acceleration along the direction of is done and L is the simultaneous displacement (assumed to be small) along the direction of a while the action is being carried. We assume that a and L are parallel. By the hypothesi of locality the displacement L is assumed to be larger than L min . If c is the maximal speed, then necessarily v 2 ≤ c 2 . Thus, there is a bound for the value of the acceleration of the form
In this paper we will explore new notions for ideal co-moving clocks and rods. From the above argument if follows that if the synchronization of the system of clocks is consistent with the local character of interactions and with the existence of a maximal speed, then it must be consistent with the existence of a maximal acceleration. Such consistency does not hold classically for Lorentzian spacetimes (M, η), since there is not a kinematical bound for the (proper) acceleration in a Lorentzian spacetime. The reason for this is that a Lorentzian spacetime fails to capture the principle of local action as discussed above, allowing for nonlocal actions in the sense described above. For instance, an action on the motion of a point particle is described by an integral over a source, that could be indefinitely extended. Although there is some retardation due to the finiteness in the speed of light, the extension of the source implies an undefined region that could influence the particle. This kind of phenomena is what is forbidden by our Note that the notion of local interaction.
Covariant formulation of the metric of maximal acceleration
Let us consider a Lorentzian structure (M, η), the associated Levi-Civita connection D and the corresponding covariant derivative operator along x : I → M . A natural way to construct a maximal acceleration is by considering first a geometric structure on the second tangent bundle T T M [5, 6, 4] . Given a Lorentzian structure (M, η) there is defined a Sasaki-type metric on T M ,
However, the geometry of maximal acceleration is not described by a metric in T T M . It is better described by a generalised tensor. The reason for this is that a metric on T T M is a too rigid structure and it is much more economical the following type of geometric structure with coefficients on the second jet manifold J 
and it holds that η(x ′ , x ′ ) = 0. Then there is a bilinear, non-degenerate, symmetric form g along x : I → M such that acting on the tangent vector x ′ has the value
Proof. The tangent vector at the point (x(t),
that coincides with (3.2). The properties of non-degeneracy and symmetry follow from the analogous properties of the metric g S . The bilinear property holds in the following way. We consider
with g µν ( 2 x) given by the expression
✷ This form g is the metric of maximal acceleration. Its action on two arbitrary vector fields W, Q along x : I → M is
.
2) is obtained. The form (3.4) is an example of generalized metric as considered in [16] .
Corollary 3.2 Let x : I → M be a smooth curve such that:
• If the covariant condition
holds, then one has the natural bound
Now it is possible to specify in which sense there is a maximal acceleration. If we assume the existence of a Lorentzian metric η, For each point x(τ ) of a the image of physical world line x(I) ֒→ M , for any instantaneously at rest coordinate system at x(t) the proper acceleration of x : I → M at x(t) is bounded uniformly of τ and does not depend on the world line. The minimum of these bounds is the maximal acceleration A max . Thus we have
Definition 3.3 A curve of maximal acceleration is a curve x : I → M such that
Proper time parameter associated to the metric of maximal acceleration. From the expression of the metric of maximal acceleration, we define the proper time associated with g along a world line x : I → M with η(x ′ , x ′ ) < 0 by the expression
Since the expression for the proper parameter τ is not re-parameterization invariant, we need to fix the parameter t. We choose the parameter t to be the proper time of η. Thus we have η(x ′ , x ′ ) = −1 and the proper time of g is
As a consequence, it holds that
where the function ǫ(τ ) is
(3.12)
In a normal coordinate system for η, the function ǫ is defined by the relation
(3.13)
Recovering the Lorentzian structure from a generalized metric. We have assumed the existence of a Lorentzian metric η from where the metric of maximal acceleration is constructed. However, from the point of view discussed in section 2, the metric of maximal acceleration should precede logically to the Lorentzian metric η. We will show how starting from a generalized tensor, one can recover the Lorentzian structure (M, η) by application of an averaging operation.
The fundamental concept that we need here is the notion of generalized higher order tensor [16] . For the particular case of a generalized metric, such operator associates to each physical world line x : I → M a smooth family of scalar products
along the curve whose components dependence are on the lift of the curve 2 x : I → J 2 0 (M ) to the second jet manifold J 2 0 (M ). Thus the components of g depend upon the position x(τ ), the velocity vectorẋ(τ ) and the accelerationẍ(τ ) of the curve x : I → M . Given a generalized tensor with bounded vertical domain on each fiber, it is possible to obtain an ordinary tensor by integration along the fiber, an extension of the operation of fiber integration for differential forms that arises naturally in algebraic geometry [1] . Let us consider a fiber bundle π B : B → M with a connection H. Given a covariant tensor T ∈ T (0,p) M and a vertical volume form dvol V on each fiber, one can consider the expression
where {Y 1 , ..., Y n } is the natural vertical frame associated with the vertical coordinates along the fiber and X i is the horizontal lift of X i ∈ T x M to T u B, with u ∈ π −1 (x). It is possible to check that expression (3.14) does not depend upon the connection H or the natural coordinates used. Let J If these conditions hold, the bilinear form g is non-degenerate and of Lorentzian signature.
For generalized metrics of Lorentzian signature and for J 2 0 (M ) the fibers are non-compact, which constitutes a problem for the convergence of the fiber integration. One way to solve this is if the generalized metric has compact vertical domain. To introduce this notion let us consider the Levi-Civita connection ∇ associated with g, that is defined by the connection coefficients
Other connection coefficients are set equal to zero in natural coordinates. With the connection ∇ we can define the following closed ball, which is a geometric construction. B x (g, A max , 0) is a compact submanifold of J 2 0 (x). Then the following integration is considered
as a substitute of the average (3.14). Note that the volume form requires a finite normalization along the integration following the speed coordinatesẋ. This is the hyperboloid Σ x = {ẋ ∈ T x M s.t. η(ẋ,ẋ) = −1}. We assume that g( 2 x) µν factorizes in a product of functions, one containing (x µ ,ẋ ν )-coordinates and the second containing ( 17) where the tensorial character of the factors A and B is not specified. We would like to find an ansatz for g with the required properties described above, at least up to the degree of precision consistent with our theory. In particular, we restrict our considerations to the case when the function ǫ(τ ) can be neglected compared with 1. In this case, a reasonable ansatz for g is of the form
We will keep terms up to order ǫ 2 or in the product of its time derivatives. Thus our theory will be an effective theory. Moreover, we require the condition g = α g 0 , where α is a function on M . Then we have
In order to fix g and g 1 (x) we impose that g( 2 x) is the metric of maximal acceleration. Thus, the expression (3.4) must hold. This implies the constraints
Since D is an affine, symmetric connection on M , given a curve x : I → M there are associated Fermi coordinates along the curve. In such coordinates Dẋẋ =ẍ and ∇ẋẋ = x + O ∇ (ǫ). However, this linear contribution O ∇ (ǫ) contributes to order ǫ 2 in the integral, leading to negligible contributions. In a similar way, the substitution B x (g, A max , 0) bỹ B x (α g , A max , 0) as integration domain implies linear correction on ǫ only, giving an overall second contribution to the difference the integrals
Then one has the relation
This expression is an integral equation for g µν ( 2 x), that is treated perturbatively. To show that also the close balls B x (g, A max , 0) are compact (at least up to order ǫ 2 ), one considers instead of the connection ∇ of g the connection D of the Lorentzian metric η = α g .
It is direct that if ǫ << 1, the points 1 and 2 mentioned above hold. It also hold the factorization property (3.17) . Finally, the metric of maximal acceleration (3.4) is expressed as
when the curve x : I → M is parameterized by the proper time parameter of α g .
The perturbative framework
We assume that not only ǫ but that the corresponding k-derivative on time is small compared with 1/τ k 0 (in convenient units). This implies the existence of a standard of time τ 0 against which we can compare time variations and assume that the variations are very small compared with the variation of the magnitude in such τ 0 . An example of such time standard is the chronon in Caldirola's theory. In a general local Lorentz invariant theory, this standard of time can be constructed from a notion of minimal length. We will adopted this possibility here. We can relate the derivatives respect the proper parameter τ of g and the derivatives of the proper parameter t of η. If x ′ = dx dt andẋ = dx dτ , the relation (3.11) implieṡ
and by taking second derivatives implies
Moreover, the proper time condition η(
Using this relations we can compute η(Dẋẋ, Dẋẋ),
other constants, such that t 0 d dt will be an a-dimensional operator appearing in our equations. Since the derivatives of ǫ are small compared with one, implies the relation
In the following we will disregard higher order terms in ǫ or its time derivatives. Our assumption is that g is the geometric structure that determines proper time parameter measured by observers co-moving with particles along physical world lines. Therefore, the parametrization of any timelike physical world line in the sense that η(ẋ,ẋ) < 0 and in the region far from maximal acceleration, the proper parameter must be g(ẋ,ẋ) = −1.
Proposition 4.1 Let (M, g) be a maximal geometry spacetime. Then in Fermi coordinates of D along the curve x : I → M , the following kinematical conditions hold:
and analogous kinematical constraints hold for higher derivatives obtained by derivation of the previous ones.
Proof. Taking the derivative respect to τ of (4.2),
From the definition of ǫ and g µν one has that
Therefore,
from which follows (4.3). Note that we have replace the time derivatives on t by the time derivatives respect to η. This difference only produces extra factors on ǫ 0 and are therefore, negligible. The third relation is obtained by deriving (4.3) and taking into account (4.2):
from which follows the third relation (4.4),
The constraints for higher derivatives are obtained from previous ones by derivation and algebraic manipulations. ✷ We remark that for a metric of maximal acceleration, the relations (4.2) and (4.3) substitutes the usual orthogonal relativistic constraints η(x ′ , x ′ ) = −1 and η(x ′′ , x ′ ) = 0. This substitution has important consequences in the theory of higher order electrodynamics [16, 17] . Proof. This is direct from equation (3.20) . ✷ For curves that are far from the domain of maximal acceleration ǫ << 1 and the null structure of g coincides with the null structure of η. Analogously, for timelike curves we have that g(ẋ,ẋ) < 0 ⇐⇒ η(ẋ,ẋ) < 0. Thus we arrive to the conclusion that in the region where ǫ << 1, the notions of lightlike, timelike and spacelike curves coincide for g and η. Therefore, Proposition 5.3 If ǫ << 1 holds, the null sector of g is a cone. Moreover, it is the boundary of the timelike sector of curves which are timelike respect to g and the timelike sector is an open convex cone. Given a time orientation W , a future pointing lightlike or timelike vector Z is such that for any of its integral curves x Z : I → M and with W : I → T x Z , the restriction of W along the curve
holds. Similarly, a past pointed lightlike or timelike vector Z is such that
A curve x : I → M is future pointing if it is timelike and the tangent vector is future pointing respect to g. In a similar way, a timelike curve x : I → M is past pointing if the tangent velocity field is past pointing.
Proposition 5.5 Let x : I → M be a curve such that ǫ << 1. Then
• Any time orientation W ∈ ΓT M of g is a time orientation of η,
• If Z is future pointed (past-pointed) respect to g and W , then it is future pointed (past-pointed) respect to η and W.
Finally, we need to introduce the notion of observer, that will be a smooth, future pointing, timelike world line O : I → M .
6 Observable distance and proper velocity in a geometry of maximal acceleration Let (M, g) be a maximal acceleration spacetime, O an observer and q a point in the spacetime. We would like to define the distance between q and the observer O. Assume that the observer O at the spacetime point p sends a light signal and that when the signal reaches the point q, it is reflected back to the point p ′ on the world line of the observer. The observable distance d(O, q) between the observer O and the point q is defined as one half times the speed of light in vacuum multiplied by the elapsed proper time T pp ′ measured by the observer O. This procedure is consistent since the speed of light is independent of the source and the same for all the observers. P is a four-vector in the given local coordinate system. In the case η is the Minkowski metric h we can speak of inertial coordinate systems. In this case, if the components respect to an inertial coordinate system of the celerity 4-vector (v 0 , v) are given by (6.6) and (6.6), then the components of the 4-momentum are Note that the relation (7.2) differs from the corresponding equation (1) in ref. [9] . If we use the Minkowski metric h, the dispersion relation reads as (7.3) and (7.2) is
However, the physical metric is the metric of maximal acceleration g that leads to a relativistic dispersion relation, g(P, P ) = g µν ( 2 x)P µ P ν = 1 − η(x ′′ , x ′′ ) A Modification of the Einstein's energy-mass relation. Let (M, g) be a maximal acceleration spacetime such that η is the Minkowski metric h. For an inertial observer instantaneously at rest with a particle with acceleration a(τ ), it follows from (7.2) that the energy of the particle measured by the observer is For N large enough this relation can in principle be tested in particle accelerators. Considered as a sole charged particle, N can be of order 10 10 in a bunch. Relation (7.7) can be useful to provide a lower bound for the maximal acceleration A 2 max in electrodynamics. Conversely, given a model with a particular value of the maximal acceleration, the relation (7.7) can be disproved experimentally for large values of N . For instance, according to [23] , the value for A max that is consistent with loop quantum gravity is of order 10 50 m/s 2 , which is formidably large and un-affordable in accelerator technology. Such maximal acceleration is the universal maximal acceleration. However, for electrodynamics A max is of order 10 32 m/s 2 for an electron (see for instance [16, 11] . Indeed, it is reasonable that the relation (7.7) can be falsified by experiments for N large and very intensive electric fields.
